Disentangling two systems can cause an increase in energy, as discussed in Schulman and Gaveau (2006 Phys. Rev. Lett. 97 240405). We here prove a critical inequality used in that letter. Let A and B be two systems and suppose that the initial density matrix for the combined system is a product. Let them have coupling V and let them evolve for a time t under the full Hamiltonian (including V). For the now-entangled full density matrix, the energy is unchanged. Next, disentangle, obtaining the new density matrix for A by tracing over the B variables, and similarly for B. We show that for a large class of V's the expected energy obtained using the product of the disentangled density matrices exceeds the original energy.
Introduction
In [1] we explored the effect of decoherence and entanglement on energy conservation. Specifically, it appeared that the mere fact that two particles separated after an elastic collision could cause an increase in their total energy. Of course further examination showed that this was not the case; nevertheless, certain kinds of decoherence that one might have considered harmless did in fact change a system's energy.
In our previous study [1] we made use of an inequality with the following content: let there be two systems, A and B, interacting with a potential V, of a particular form. Let the system initially have a density matrix that is a product of A and B density matrices, i.e. it is of the form ρ A (0) ⊗ ρ B (0) (using standard notation). Now let it evolve under the full Hamiltonian for a time t. The time-t density matrix is not in general a product, since the Hamiltonian entangles the two systems. But now we take a partial trace over each subsystem. Thus we define e.g., ρ A (t) ≡ Tr B ρ(t), with Tr B the trace over the B-variables. If we evaluate the energy using the untraced ρ(t), it will be unchanged from its time-0 value. However, if ρ(t) is replaced by ρ A (t) ⊗ ρ B (t), then the energy could change, and with the form of V used in [1] and for short periods of time, it always increases.
In the present paper we present a detailed derivation of the inequality used in [1] . In particular, we will indicate the conditions on V, the interaction, necessary for the result to hold. Although the result is more general than was indicated in [1] , it does not hold universally. In particular, as mentioned in [1] , while the spin-boson model does have the indicated energy increase, the Jaynes-Cummings model does not.
The result of [1] suggests that operations that seem quite innocent, in particular the erasure of certain correlations, can have significant effects. The Boltzmann H-theorem [2] may be the most well-known example of this, but other discussions, such as van Kampen's criticism of the Green-Kubo formula, may well hinge on similar issues [3] [4] [5] . Another situation with surprising survival of entanglement effects is studied in [6, 7] .
The calculation we are about to present does not have shortcuts and involves quite a bit of attention to detail. Its structure is similar to that of a calculation of measurement-induced dissipation [8] related to the Lindblad equation. It would be of great interest if a simpler demonstration could be found.
Coupled systems: definitions
Consider two quantum systems A and B. The Hamiltonian of A is H A and similarly for B. The full system A+B has the Hamiltonian
Here A i (resp. B i ) are operators acting on A (resp. B) only. In the following, definitions are understood to apply to both A and B, and 'resp.' will be omitted. In general, the index A means an operator acting only on system A. In equation (1) , H A is an abbreviation for H A ⊗ I B where I B is the identity operator on B. A i and B i are assumed to be Hermitian. We also require that the A i 's, as well as the B i 's, commute with one another:
(That the A's commute with the B's holds by virtue of their acting on different spaces.)
Remark. The commutativity and Hermiticity conditions distinguish the spin-boson model, for which the result of this paper holds, from the Jaynes-Cummings model, for which it does not.
Remark. These conditions are in fact used only near the end of the proof. See equations (54) and (57). All formulas prior to those equations are true with neither commutativity or Hermiticity.
At time t = 0, the system A+B is taken to have a density matrix ρ that is a tensor product:
where ρ (0) A is a density matrix for A and ρ (0) B for B. At time t, the density matrix of A+B is ρ(t) where
with
For any operator Q on A+B, we define the partial traces
where Tr B is the trace over B's degrees of freedom, so that Tr B Q is an operator on A and is denoted by Q A . In particular, we define the 'marginal' density matrices at time t for A and B, namely
The trace of each of these operators is 1. We then consider
and we want to calculate the difference of average energy for small time t. The quantity δ E (t) is the central object of the present paper, and we will show that for short times and for the AB interaction taken above, it is positive.
Evaluation of δ E (t) > 0 to second order in t

A simplification
The first remark is that (4), we obtain for small t
The first commutator gives
Iterating, one gets
As stated earlier, H A stands for H A ⊗ I B , etc, and we have grouped together similar terms. We have also used the identity
(where U A , X A refer to A only, etc). Use the Jacobi identity for the terms in the expression enclosed by the curly bracket subscripted with a '1' in equation (12):
so that equation (12) becomes
The trace of the energy of interaction, calculated from equation (10).
For any operators V and U, one has Tr(V [V , U]) = 0. From equation (11) and this identity, it follows that
In the same way, when we calculate Tr (0) ]] and we use equation (15) for the double bracket, the contributions of the curly-bracketed expressions with subscripts '1' and '2' of equation (15) give 0:
We rearrange the last sum in equation (18),
and we sum by renaming the indices
The expressions in the last line of equation (20) are reminiscent of the Lindblad equation, and in fact guided us in this calculation [8] . Using this expression, equation (18) becomes
Note also
Finally, we use equations (17) and (21) to rewrite equation (16) for small t as
Partial traces and product of the partial traces
Calculation of ρ A (t).
We take the trace over B of ρ(t) in equation (10)
We use equation (11), noticing that
and we obtain
and then, we use equation (15) to get
A ⊗ H B , ρ
Calculation of Tr A (A k ρ A (t))
. From equation (24), equation (26) and equation (27), using the fact that
we obtain
We have an analogous formula for 
Terms of order 1 in t. This is the product of the term of order 0 of equation (29) and the term of order 1 of the corresponding equation for B and the exchange term A↔B. So
Now, consider in equation (32) the terms 
Conclusion: The terms of orders 0 and 1 in t of
k Tr A (A k ρ A (t))Tr B (B k ρ B (t))(35)
are identical to the corresponding term of Tr k (A k ⊗ B k )ρ(t) in equation (23).
Terms of order 2 with respect to t in of equation (30).
These terms, 2 , are the product of the terms of order 2 in t in equation (29) and the term of order 0 in the B equation, the exchange term in A↔B, and the product of the terms of order 1 in t in equation (29) 
Here we have used the fact that in the first order terms of equation (29), one has
(38) We next simplify equation (37).
(a) Terms in the first sum and curly bracket no. 3 in equation (37):
because the B terms are symmetric in i, k and the A terms are skew symmetric,
(b) Terms in the first sum and curly bracket no. 4 in equation (37):
Thus, this term cancels partially the term of equation (40) (recall that there is a 2 in (40)) (c) Terms of the last sum over k of equation (37):
In equation (43), the term
also combines with equation (40) and equation (42).
(d) Terms in the first sum and curly bracket no. 5 of equation (37). Indeed, by the cyclic property of the trace
Now the last sum in equation (45) 
Finally, one can collect all the terms of 2 of equation (37). We use equations (39) 
Calculation of δ E (t)
δ E (t) is given by equation (9):
In this equation, the first sum is the of equation (30) and the second sum is given by equation (23). We have seen in equation (35) that the zeroth and first order terms in t cancel in the difference, equation (46). As a consequence, the difference δ E (t) is the difference of terms in t 2 from equations (23) and (47) 
So δ E (t) is, after rearrangements,
(Note that the last line in equation (46) 
Thus, equation (51) can be rewritten as
Recall now our assumption, equation (2), on the operators A i and B i :
Then equation (54) can be simplified as follows: 
A .
In equation (64), the traces can be easily written as space integrals over the x or y variables. We get δ E (t) = t potential can be written as a sum of even and odd potentials. Finally, there is no difficulty extending this result to a sum of potentials, as in equation (69). It follows that the results of our previous sections apply, and we deduce that for any potential interaction of the form (69), δ(t) > 0 for small time.
